Abstract. Given a number field k and a positive integer d, in this paper we consider the following question: does there exist a smooth diagonal surface of degree d in P 3 over k which contains a line over every completion of k, yet no line over k? We answer the problem using Galois cohomology, and count the number of counter-examples using a result of Erdős.
Introduction
A class of varieties over a number field k is said to satisfy the Hasse principle if, for each variety in the class, the existence of a rational point over every completion of k implies the existence of a rational point over k. In this paper we are interested in Hasse-type principles for linear subspaces on varieties. Namely, given some r ∈ N and a class of varieties embedded in some fixed projective space, whether the existence of a linear subspace of dimension r on each variety X in the class over every completion of k implies the existence of a linear subspace of dimension r on X defined over k. Note that there is a Hilbert scheme (see [6] ) which parametrises the linear subspaces of dimension r on each such X, and our question is equivalent to asking whether these schemes satisfy the (usual) Hasse principle.
Birch [1] studied the existence of linear subspaces on complete intersections of odd degree embedded in a given projective space P n over a number field k. He showed that there is always a linear subspace of given dimension r over k, provided that r is sufficiently small in terms of n and the degrees of the defining equations (see [3] and [4] for recent progress). In particular, here the Hasse principle for such linear subspaces trivially holds.
In [7] , we considered problems of this type for lines on del Pezzo surfaces. We showed, for example, that the Hasse principle for lines holds for quadric surfaces in P 3 [7, Lem. 3.4] . For cubic surfaces however, it can fail, and in [7] we gave explicit counter-examples.
In this paper, we consider this problem for lines on diagonal surfaces, i.e. for surfaces of the form
where a i ∈ k * . Here it is well-known (see e.g. [2, Ex. 6.3] ) that when d ≥ 3, there are exactly 3d 2 lines overk. Namely, let ζ 2d be a primitive 2d-th root of unity and let d (a i /a j ) denote a fixed choice of dth root of a i /a j . Then the lines 2010 Mathematics Subject Classification. 11G35 (primary), 11R34, 14J20, (secondary).
overk are given by
Here (i, j) runs over all elements of (Z/dZ) 2 (i.e. ζ 2i+1 2d
runs over all 2d-th roots of unity ζ for which ζ d = −1). One quickly sees that if the Hasse principle for lines fails, then certain combinations of elements of k * are dth powers locally, but not globally. In particular this problem is of a very similar flavour to the Grunwald-Wang theorem (see e.g. [9, Thm. 9.1.3(ii)]), which calculates precisely when the Tate-Shafarevich group
is trivial (for example, it is always trivial when d is odd). For del Pezzo surfaces, our results were uniform with respect to the number field (e.g. if we were able to construct counter-examples for a given degree over one number field, then we could also construct counter-examples for this degree over every number field). For diagonal surfaces however, much like the GrunwaldWang theorem, the answer depends intimately on the arithmetic of the field. For odd degree the answer is completely controlled by cohomology, whereas for even degree there are extra subtleties depending on whether or not (−1) is a dth power in k. 
If d is even, then every diagonal surface of degree d over k satisfies the Hasse principle for lines if and only if
Note that if we write d = 2 n e where n ≥ 0 and e is odd, then (−1) ∈ k * d if and only if µ 2 n+1 ⊂ k. The cohomology group in Theorem 1.1 naturally arises for us via inflation-restriction, namely we have
for any finite Galois field extension k ⊂ K. We calculate the cohomology group appearing in Theorem 1.1 in §2.1, from which we are able to obtain the following results.
Theorem 1.2. Let d ≥ 3 be odd and let k be a number field. Suppose that one of the following conditions holds. 
Let D sf (x) denote the corresponding counting function where d is also assumed to be square-free. Then Erdős [5] (see also [8, Thm. 11 .23]) has shown that
A minor modification of his proof yields the upper bound
In particular, Theorem 1.3 applies to 100% of all odd integers d. Using Theorem 1.1 it is easy to see that for each even d ≥ 4, there exists a number field k for which every diagonal surface of degree d over k satisfies the Hasse principle for lines (e.g., take k = Q(µ d )). However in contrast to part (3) of Theorem 1.2, the Hasse principle for lines can fail in every even degree. In particular, Theorem 1.4 applies when k = Q.
1.1. Examples.
1.1.1. Even degree. The counter-examples which we construct in this paper are reasonably explicit. For example, let p ≡ 1 mod 8 be a prime. We claim that the surface S :
(1.4) over Q fails the Hasse principle for lines. Let us give an elementary argument why this is the case. Given a field extension Q ⊂ k, the surface S contains a line over k if and only if
This is most easily seen using the explicit description of the Hilbert scheme of lines given in §2.2. In particular, there is no line defined over Q. Clearly there is a line defined over R, and there is a line over Q 2 since p ∈ Q * 2 2 . So let ℓ = 2 be a prime. If ℓ ≡ 1 mod 4, then (−1) ∈ Q * 2 ℓ and hence −2 2 = (1 + i) 4 is a fourth power in Q ℓ , where i 2 = −1. If ℓ ≡ 3 mod 4, then every square in F ℓ is also a fourth power. Whence it follows from Hensel's lemma and (1.5) that there is a line defined over Q ℓ . Thus S fails the Hasse principle for lines, as claimed.
Here the appearance of 2 2 in the coefficients of (1.4) is very important for the construction. It appears naturally through the consideration of the cohomology group H 1 (Q(i)/Q, µ 4 ), as one would expect from Theorem 1.1. This cohomology group is isomorphic to Z/2Z (see Lemma 2.2). A choice of representative for the non-trivial element is given by −2 2 , as −2 2 = (1 + i) 4 is not a fourth power in Q but is a fourth power in Q(i) (see (1.3) ). This fact naturally arose in the above argument, as it implies that −2 2 ∈ Q * 4 ℓ for those primes ℓ which split in Q(i) (i.e. those primes ℓ ≡ 1 mod 4). This construction of counter-examples is generalised in Lemma 4.4 below. If (−1) ∈ k * d then there are counter-examples of different kind, which are moreover easier to construct; see Lemma 4.2 below.
Odd degree.
The counter-examples in odd degree are of a similar flavour, though here it is slightly trickier to find conditions which guarantee that the group
is non-trivial (this group was non-trivial above for special reasons, namely as we were in the special case of Definition 2.1).
As an example, let p and q be two odd primes with q ≡ 1 mod p.
Hence α is not a pth power in k, but is a pth power in L. A simple argument shows that α q is not a dth power in k, thus by (1.3) we see that α q gives rise to a non-trivial element of
As for the counter-examples, let β ∈ k * and consider the surface
A similar argument to the case of even degree shows that S contains a line over all but finitely many completions of k. One needs to choose β carefully to ensure that there are lines everywhere locally, whilst there still being no line globally.
As an explicit example, let p = 3 and q = 7, so that L = Q(ζ 3 , ζ 7 + ζ −1 7 ) where ζ 3 and ζ 7 are choices of primitive 3rd and 7th roots of unity, respectively. Take
A simple calculation shows that if σ ∈ Gal(L/k) is a non-trivial element, then σ(ρ)/ρ is a non-trivial third root of unity. In particular ρ ∈ k. Moreover, this shows that α = ρ 3 = 14 + 21ζ 3 ∈ k is a suitable choice for α, as above. In order to obtain the required counter-example, one may take β to be a rational prime which is both 1 mod 3 and 1 mod 7
2 (e.g. take β = 883). See the proof of Lemma 4.3 for details of why this choice works.
Notation. Let d ∈ N and let k be a field whose characteristic is coprime to d. We denote by µ d the group scheme of dth roots of unity over k. By abuse of notation, we shall say that µ d ⊂ k if k contains a primitive dth root of unity, and denote by k(µ d ) the field given by adjoining all dth roots of unity. We have
) is defined to be the splitting field of the polynomial x d − a. Let k ⊂ K be a Galois field extension and G a finite étale commutative group scheme over k. Then for i ≥ 0, we use the notation
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2. Generalities 2.1. Cohomological calculations. We begin by calculating the cohomology group which arises in Theorem 1.1. We will assume that the reader is familiar with the basic tools of Galois cohomology, as can be found in [9] or [10] .
Definition 2.1. Let p n be a prime power and let k be a field with char(k) = 0. Then we shall say that (k, p n ) is the special case if
This arises in the following lemma, which is usually proved during the course of the proof of the Grunwald-Wang theorem.
Lemma 2.2. Let p n be a power prime and let k be a field with char(k) = 0. If (k, p n ) is not the special case, then
Proposition 2.3. Let d ∈ N and let k be a field with char(k) = 0. Let k ⊂ K be a finite Galois field extension with
is not the special case, then
Proof. Part (a) follows simply from the fact that if
, by inflation-restriction we have the exact sequence
Thus by Lemma 2.2 we find that
Part (b) now follows from the fact that Gal(K/k(µ p n )) acts trivially on µ p n (K).
Lemma 2.4. Let p n be a prime power and let k be a field with char(k) = 0. Let K/k a finite Galois extension with µ p n ⊂ K.
(a) If (k, p n ) is not the special case, then
Proof. Part (a) follows immediately from Propositon 2.3. Part (b) follows from Lemma 2.2 and the injectivity of the inflation map
Lemma 2.5. Let d ∈ N and let k be a field with char(k) = 0. Assume that
Then either (a) There exist distinct primes p, q | d with p n || d for some n ∈ N such that
n || d for some n ≥ 2 and (k, 2 n ) is the special case, i.e.
Proof. By Proposition 2.3(a), there exists some prime p with p n || d such that
If (k, p n ) is the special case, then the result holds by Lemma 2.2. Otherwise, Lemma 2.4 implies that
We claim that in this situation there exists some prime q | d/p n , such that
By (2.1) we obtain
] is a power of q i . From this we deduce (2.2), with q = q i .
Next choose the largest m ≤ n such that µ p m ⊂ k(µ q ). Note that m ≥ 1 by (2.1). Then µ p n (k(µ q )) = µ p m , and hence
Hence by Lemma 2.4, we obtain the result. 
Here each L i is viewed as a subscheme of A 2 , and is finite étale of degree d 2 over k. We keep this notation throughout the paper. A case of special interest for us occurs for surfaces of the shape
, where we have
Positive results
The aim of this section is to prove that the Hasse principle for lines holds in the cases stated in Theorem 1.1.
3.1. The Hasse principle for finite étale schemes. We begin with some general remarks on the Hasse principle for finite étale schemes, following our exposition given in [7, §2.1] .
Let X be a finite étale scheme over a field k. Associated to this is a splitting field K/k, whose Galois group Γ acts faithfully on the set X(K) in a natural way. The following lemma gives a group theoretic criterion for the Hasse principle to fail when k is a number field.
Lemma 3.1. Let X be a finite étale scheme over a number field k. Let K/k denote the splitting field, with Galois group Γ. Then X is locally soluble at all but finitely many places of k, but not soluble over k, if and only if on the associated Γ-set X(K) each conjugacy class of Γ acts with a fixed point, but the group Γ acts without a fixed point.
In which case, for each place v of k which is either archimedean or unramified in K, the scheme X admits a k v -point.
Proof. This is a simple application of the Chebotarev density theorem; see [ Proof. Assume that there exists a diagonal surface S of degree d over k which fails the Hasse principle for lines. Let L be its Hilbert scheme of lines, with splitting field K and Galois group Γ. Using the explicit description (2.4) and the fact that µ d ⊂ k, one sees that Γ is abelian. Thus the stabiliser of each point ℓ ∈ L i (K) depends only on i; denote the corresponding subgroup by Γ i . Note that
as the action of Γ on L(K) is faithful. By Lemma 3.1 we have
We claim that
To prove this, without loss of generality we may take (i, j) = (1, 2). Suppose that there exists some non-zero γ ∈ Γ 1 ∩ Γ 2 . As a group can never be a union of two proper subgroups, we see that there exists some
3), by (3.2) it suffices to show that γ + γ ′ ∈ Γ i for each i. To see this, note that γ stabilises each point of L 1 (K) and L 2 (K), whereas γ ′ does not. Similarly, γ ′ stabilises each point of L 3 (K), whereas by (3.1) we see that γ does not. This proves (3.3).
Next, by (3.2) we have
Hence without loss of generality
Moreover, by (3.3), the natural map
is an embedding, so #Γ ≤ 6. However a cyclic group cannot satisfy Lemma 3.1,
To proceed, we need to explicitly construct the generic Galois group together with its action on the Hilbert scheme of lines. Consider a surface of the form
over the function field k (a 1 , a 2 , a 3 ). If d is odd, then the splitting field of (3.5) is
whose Galois group is isomorphic to (Z/dZ) 3 . Thus we see that Γ has odd order, which contradicts (3.4). Hence the Hasse principle for lines holds when d is odd. Now suppose that d is even. The splitting field of (3.5) is
whose Galois group G is isomorphic to Z/2Z × (Z/dZ) 3 . It is generated by the elements σ 0 , σ 1 , σ 2 , σ 3 , where
and ζ 2d is a fixed choice of primitive 2d-th root of unity. The action of G on the Hilbert scheme of lines of (3.5) (see (2.4)) gives rise to a faithful representation
We identify G with its image under this map, viewed as an additive subgroup of a free (Z/dZ) 2 -module of rank 3. With this notation, an element of G fixes a line if and only if one of its coordinates is (0, 0), and an element of G fixes µ 2d if and only if it lies in the subgroup σ 1 , σ 2 , σ 3 .
We now return to the group Γ. This may be identified with a subgroup of G, acting on the lines of S via the above representation. By (3.3) and (3.4), we see that Γ consists of elements of the form (0, 0, 0), (t 1 , t 2 , 0), (t 1 , 0, t 3 ), and (0, t 2 , t 3 ), where t 1 , t 2 , t 3 are 2-torsion elements in (Z/dZ) 2 . However the 2-torsion of the generic Galois group G is generated by
The only 2-torsion elements with exactly one coordinate (0, 0) are
and hence Γ = {0, γ 1 , γ 2 , γ 3 }. However each γ i lies in σ 1 , σ 2 , σ 3 , so fixes µ 2d . Thus µ 2d ⊂ k, which contradicts the assumption that (−1) ∈ k * d . Therefore the Hasse principle for lines holds when d is even. Proposition 3.3. Let d ≥ 3 and let k be a number field such that
Suppose moreover that (−1) ∈ k * d if d is even. Then the Hasse principle for lines holds for diagonal surfaces of degree d over k. (1) If µ d (k) = {1}, then the group is trivial by Lemma 2.4(a).
Hence the group is trivial here by Lemma 2.4(a).
Existence of counter-examples
The aim of this section is construct explicit counter-examples, which show that the conditions in Theorem 1.1 are necessary.
4.
1. An existence result. We begin with a technical lemma on the existence of certain integers, whose primary purpose is to take care of the existence of a line at the bad primes.
Lemma 4.1. Let k be a number field and let p, q ∈ N. Let α ∈ O k be non-zero. Then there exists β ∈ Z such that the following conditions hold.
(1) β is coprime to α.
Proof. Note that we do not assume that p and q are coprime. Denote by a 1 , . . . , a r the prime ideals dividing α with corresponding rational primes a 1 , . . . , a r , and let q 1 , . . . , q s be the rational primes dividing q. Let n and m be large positive integers (these are chosen so that Hensel's lemma applies below). We then choose β to be a rational prime which is completely split in the field extension
Such primes exist by the Chebotarev density theorem, and we may moreover assume that (1) holds. Also (2) holds as β is completely split in k. Next, as β is completely split in Q(µ a n i ), we see that β ≡ 1 mod a n i for each i = 1, . . . , r. Hence β is a q-th power in Q a i ⊂ k a i by Hensel's lemma. A similar argument applies to the q i , thus (3) holds.
Finally let p | β. Then p is completely split in k(µ p , α 1/p ), hence α is a p-th power in k p , thus (4) holds. This completes the proof. 
Then there exists a diagonal surface of degree d over k which fails the Hasse principle for lines.
Proof. Let α be a rational prime which is completely split in k. By Lemma 4.1, there exists β ∈ Z such that (1) β is coprime to α. over k. Let k ⊂ K be a field extension. As (−1) ∈ k * d , using (2.5) one finds that there is a line defined K if and only if
We first show that (4.1) has lines everywhere locally, for which it suffices to consider only the non-archimedean places by Lemma 3.1. Let p be a non-zero prime ideal of k. Then conditions (3) and (4), together with the multiplicativity of the Legendre symbol and Hensel's lemma, imply that one of α, β, or αβ is a square in k p . Hence by (4.2), see that there is a line defined over k p . To see that there is no line defined over k, we note that (2) implies that β d/2 is not a dth power in k. A similar argument shows that (αβ) d/2 is not a dth power in k, on using (1) and (2). Moreover, α d/2 is not a dth power by our choice of α. Hence (4.1) is a counter-example to the Hasse principle for lines, as required.
To complete the proof of Theorem 1.1, we need to construct counter-examples when H 1 (k(µ d )/k, µ d ) = 0. By Lemma 2.5 there are two cases to consider, which we handle in the next two lemmata. Proof. By Lemma 2.5, we may write d = eqp n where p, q are primes with gcd(eq, p) = 1, and H 1 (k(µ q )/k, µ p n (k(µ q )) = 0.
In particular q = 2. Let α ∈ O k be a representative of a non-trivial element of H 1 (k(µ q )/k, µ p n (µ q )) of order p. By Lemma 4.1, we may choose β ∈ Z such that (1) β is coprime to α.
(2) k has a prime ideal p such that v p (β) = 1. 
